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ABSTRACT
We address how the non-local nature of the topological qubits, realized by Majorana modes
and driven by an external magnetic field, can be used to control the non-Markovian dynamics
of the system. It is also demonstrated that the non-local characteristic plays a key role in con-
trol and protection of quantum correlations between Majorana qubits. Moreover, we discuss
how those non-local qubits help us to enhance quantum magnetometry.
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1. Introduction
Quantum correlations (e.g., entanglement [1] or discord [2–4]) are fundamental features of quantum
mechanics and play significant roles in various potential applications, such as superdense coding, quan-
tum teleportation, and quantum cryptography [5–8]. Nevertheless, the quantum correlations are usually
very fragile and broken by unwanted and unexpected interactions with an environment referred to as
quantum noise. In fact, the decoherence effect generates correlations between the system and environ-
ment, leading to an irreversible loss of information from the system. Because there is no system which
can be regarded as truly isolated, investigating the the dynamics of the quantum correlations (inside the
system) under the action of noises and protecting these quantum resources against the effects of the en-
vironment are of great importance, and also major challenges for the realization of quantum computing
devices [9–11].
Although the interaction with an environment causes the quantum system to dissipate energy and
lose its coherence [12], this process needs not be monotonic and the system may recover temporarily
some of the lost energy and/or information. This behaviour called non-Markovianity can be charac-
terized and quantified in different ways (see [13, 14] for reviews). In this paper, we use the measures
which are easy to compute and for which no external ancilla, attached to the open system of interest,
is necessary to obtain the non-Markoianity.
The sudden change (death and birth) phenomenon (SCP) of quantum correlations and protecting
them against the noise have been the themes of numerous works in the last few years. In the case of
Markovian dynamics of quantum correlations, an interesting geometric interpretation of the sudden
change behavior of quantum correlations, for the simple situation in which Bell-diagonal states are
considered, was provided in Ref. [15], while the conditions for the correlations to stay constant, the
so called freezing phenomena, were investigated in Ref. [16], focusing on the phase damping channel.
Moreover, in Ref. [17], considering the case of Bell-diagonal states under the action of non-dissipative
environments, the authors proved that all bona fide measures of quantum correlations virtually present
the freezing effect under the same dynamical conditions. Besides, using the quantum discord as a
measure for quantum correlations, the authors of [18] proved that a pure state never present the SCP
and that the freezing phenomena is not a general property of all the Bell-diagonal states.
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Because of memory effects, the non-Markovian channels may be more advantageous compared to
Markovian ones. The case of two independent qubits subject to two zero-temperature non-Markovian
reservoirs was investigated in Ref. [19], in which the dynamics of entanglement and quantum discord
were compared with each other. The authors verified that while the quantum discord can only vanish
at some specific time periods, the entanglement presents a sudden death such that it disappears for all
times after the critical time-point. In Ref. [20] the authors discussed the similar problem, however they
studied the case of a common reservoir, and again the SCP was observed. In addition, considering the
class of Bell-diagonal states, the authors of Ref. [22] compared the non-Markovian dynamics of two
geometric measures of quantum correlations with that of the quantum discord. Although all the three
considered measures share a common sudden change point, one of the geometric measures does not
present the freezing phenomenon. Besides, the dependence of the freezing effect on the choice of the
correlation measure were also investigated in [23]. Moreover, in Ref. [24], the authors studied the non-
Markovianity and information flow for qubits subject to local dephasing with an Ohmic class spectrum
and demonstrated the existence of a temperature-dependent critical value of the Ohmicity parameter for
the onset of non-Markovianity. They also unveiled a class of initial states for which the discord is for-
ever frozen at a positive value. The investigation of the freezing phenomenon is very important because
it guarantees that the quantum protocols, in which quantum correlations are used as resources, may be
implemented such that they are unaffected by specific noisy conditions. Therefore, more analyses of
the behaviour of quantum discord under different noisy quantum channels are necessary.
It has been seen that the topological quantum computation is a promising scheme for realizing a
quantum computer with robust qubits [25]. In particular, there are new kinds of topologically ordered
states, such as topological insulators and superconductors [26–28], which are easy to realize physically.
Among different excitations for these these systems, the most interesting ones are the Majorana modes
localized on topological defects, obeying the non-Abelian anyonic statistics [29–31]. The Kitaev’s 1D
spineless p-wave superconductor chain model [32–34] is one of simplest scenario for realizing such
Majorana modes. Each on-site fermion can be decomposed into two Majorana modes such that by ap-
propriately tuning the model, the Majorana modes at the endpoints of Kitaev’s chain may be dangling
without pairing with the other nearby Majorana modes, forming the usual fermions. Then, these two
far separated endpoint Majorana modes can compose a topological qubit. The most important charac-
teristic of the topological qubit is it is non-local, because the two Majorana modes are far separated.
This non-locality causes the topological qubit to interact quite differently with the environment com-
paring it to the usual fermion. Motivated by this, we investigate how the non-local characteristic of the
topological qubits can be used for controlling their dynamics and probing the environment.
Recent developments in the field of quantum metrology have shown that how quantum probes and
quantummeasurements allow us to achieve parameter estimation with precision beyond that achievable
by any classical scheme [35–43]. Estimating the strength of a magnetic field [44–48] is a paradigmatic
example in this respect, because it may be directly mapped to the problem of estimating the Larmor
frequency for an atomic spin ensemble [49–55].
In this paper the non-Markovian dynamics of a topological qubit realized by two Majorana modes
coupled to a fermionic Ohmic-like reservoir is discussed in detail. The fermionic environment is the
helical Luttinger liquids realized as interacting edge states of two-dimensional topological insulators.
Imposing a cutoff for the linear spectrum of the edge states, we illustrate the significant role of this
cutoff in controlling the non-Markovian evolution of the system and determining when the Ohmic-like
environment can exhibit non-Markovian behaviour. Moreover, we study the non-Markovian behaviour
of two independent Majorana qubits, each locally interacting with its own reservoir and investigate the
effects of the imposed cutoff, originated from the non-local nature of the topological qubits, on quantum
correlations and specially protection of them against the noise. In addition, we use the topological
qubits for the quantummagnetometry, i.e. quantum sensing of magnetic fields by quantum probes, and
examine how their non-local characteristics help us to enhance the estimation.
This paper is organized as follows: In Secion 2, we present a brief review of the quantum correlation
measures, quantum metrology and non-Markovianity measures. The model is introduced in Section 3.
The non-Markovian behaviour of the single topological qubit is discussed in Sec. 4 and the study is
extended to two-qubit scenario in Sec. 5 in which the different measures of quantum correlations are
also addressed. Moreover, in Sec. 6 we explore the quantummagnetometry using entangled topological
qubits. Finally in Section 7, the main results are summarized.
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2. The Preliminaries
2.1. Quantum Correlation measures
2.1.1. Concurrence
In order to quantify the entanglement of the evolved state, we use concurrence [56, 57]. For X-type
structure states defined as
ρX =


ρ11 0 0 ρ14
0 ρ22 ρ23 0
0 ρ32 ρ33 0
ρ41 0 0 ρ44

 , (1)
the concurrence may be obtained easily using a simple expression given by [58]
C(ρ) = 2max {0,Λ1(ρ),Λ2(ρ)} , (2)
in which
Λ1(ρ) = |ρ14| − √ρ22ρ33,Λ2(ρ) = |ρ23| − √ρ11ρ44. (3)
where ρij ’s denote the elements of density matrix ρ
X . The concurrence is equal to zero for separable
states and it equals to 1 for maximally entangled states.
2.1.2. Quantum Discord
The usual quantum discord (QD), in terms of von Neumann entropy, is defined as difference between
total correlations and classical correlations [21, 59]:
QD(ρAB) = I(ρAB)− C(ρAB). (4)
where
I(ρAB) = S(ρA) + S(ρB)− S(ρAB). (5)
C(ρAB) = S(ρA)−min{ΠBk }S(ρA|B), (6)
in which I(ρAB) denotes the quantum mutual information measuring the total correlations, includ-
ing both classical and quantum, for a bipartite state ρAB . Besides, S(ρ) = −Tr (ρlog2ρ) repre-
sents the von Neumann entropy of a quantum state, and C(ρAB) is a measure of classical corre-
lations. The minimization is performed over all complete sets of projective measurements on sub-
system B. Moreover, S(ρA|B) =
∑
k
pkS(ρ
k
A) represents the conditional entropy for subsystem A;
pk = Tr[(IA ⊗ ΠBk )ρAB(IA ⊗ ΠBk )] and ρkA = TrB[(IA ⊗ ΠBk )ρAB(IA ⊗ ΠBk )]/pk are respectively
the probability and the state of subsystem A obtaining measurement outcome k.
2.1.3. Local quantum uncertainty
Although the quantum correlations measures are usually defined as a direct function of the density
matrix ρ itself, its other forms can also be advantageous. For example, the square root
√
ρ in the well-
known notion of the skew information has been used to study the local quantum uncertainty (LQU)
which is an important measure of the quantum correlation. Assuming a bipartite quantum system pre-
pared in quantum state ρ = ρAB , we suppose that O
Λ ≡ OΛA ⊗ IB represents a local observable, in
which OΛA denotes a Hermitian operator on subsystem A with non-degenerate spectrum Λ. The LQU
with respect to A is defined as follows [60, 61]
LQUΛA = min
OΛ
I(ρ,OΛ). (7)
in which I(ρ,OΛ) = −1
2
Tr{[√ρ,OΛ]2} represents the skew information. In addition, we should
minimize over all local observables of A with non-degenerate spectrum Λ.
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2.1.4. Trace norm of discord
For a bipartite system described by the density matrix ρAB , the trace norm of discord (TND), a measure
of the quantum correlation, is given by [61]
Dt = min
χ∈CQ
||ρAB − χ||, (8)
where ||ρAB − χ|| = Tr
√
(ρAB − χ)†(ρAB − χ) represents the trace distance between ρAB and
χ ∈ CQ where CQ = {ρCQ} is the set of classical-quantum states that can be written as
ρCQ =
∑
k
pkΠ
A
k ⊗ ρBk , (9)
a convex combination of the tensor products of the orthogonal projectors ΠAk for subsystem A and
arbitrary density operators ρBk for subsystem B, with {pk} denoting any probability distribution. For a
two-qubit X state ρAB ≡ ρ, the computation of the TND can be simplifed by [61–63]
Dt = 1
2
√
ξ1
2ξmax − ξ22ξmin
ξ1
2 − ξ22 + ξmax − ξmin
(10)
in which ξ1,2 = 2(|ρ23| ± |ρ14|), ξ3 = 1 − 2(ρ22 + ρ33), ξmax = max{ξ23 , ξ22 + x2}, and ξmin =
min{ξ21 , ξ23} where x = 2(ρ11 + ρ22)− 1.
2.2. Non-Markovianity measures
We first remind some important definitions of the theory of open quantum systems. The time evolution
of the density operator, describing the quantum state of an open system, is characterized by a time-
dependent family of completely positive and trace preserving (CPTP) maps: Et, called the dynamical
map: ρt = Et(ρ0), in which ρ0 denotes the density matrix of the open quantum system at initial time
t = 0. Supposing that the inverse of Et exists for all times t ≥ 0, and defining a two-parameter family
of maps by means of
Et,tp ≡ Et ◦ E−1tp , (11)
one can write CPTP map Et as a composite of the propagator Et,tp and Etp :
Et,0 = Et,tp ◦ Etp,0 , ∀ 0 < tp < t, (12)
where Et,0 ≡ Et. Although Et,0 and Etp,0 should be completely positive by construction, the map Et,tp
need not be completely positive and not even positive because the inverse E−1tp of a completely positive
map Etp need not be positive. Composition (12), originating from the existence of the inverse for all
positive times, allows us to introduce the notion of divisibility. The family of dynamical maps is said
to be P-divisible when propagator Et,tp is positive as well as trace-preserving, and CP-divisible if Et,tp
is CPTP for all 0 < tp < t [14]. In the latter scenario, one can interpret Et,tp as a legitimate quantum
channel, mapping states at time tp into states at time t [65].
In [66], Rivas, Huelga, and Plenio (RHP) suggested that the quantum evolution is called Markovian
if and only if (iff) the corresponding dynamical map is CP-divisible. Another important characteriza-
tion of non-Markovianity was presented by Breuer, Laine, and Piilo (BLP) who proposed that a non-
Markovian process is characterized by a flow of information from the environment back into the open
system [67, 68]. Assuming that Et is invertible, one can show that under this condition the quantum
process is Markovian iff Et is P-divisible [14, 69].
The most important common features of all non-Markovianity measures presented in the following
subsections is that they are founded on the nonmonotonic time evolution of certain quantities when
the divisibility property is violated. Nevertheless, the inverse is not necessarily true; i.e., there may be
nondivisible maps consistent with monotonic time evolution.
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2.2.1. Breuer, Laine, Piilo (BLP) measure
The trace norm defined by ‖ ρ ‖= Tr
√
ρ†ρ =
∑
k
√
ak, in which ak’s denote the eigenvalues of ρ
†ρ,
yields a significant measure for the distance between two states ρ1 and ρ2 called trace distance [59]
D(ρ1, ρ2) = 12 ‖ ρ1−ρ2 ‖. It may be proven that the trace distanceD(ρ1, ρ2) can be interpreted as the
distinguishability between states ρ1 and ρ2. Besides, the trace distance is contractive for any CPTP map
E [14], i.e., D(E(ρ1), E(ρ2)) ≤ D(ρ1, ρ2), for any two quantum states ρ1,2. Because any dynamical
map Et describing the dynamics of an open quantum system is necessarily CPTP, the trace distance
between the time-evolved quantum states can never be larger than the trace distance between the initial
states. Therefore, the dynamics decreases the distinguishability of the quantum states in comparison
with the initial preparation. It should be noted that, this fact does not declare that D(ρ1(t), ρ2(t))
where ρ1,2(t) ≡ Et(ρ1,2(0)) is a monotonically decreasing function with respect to time [70].
According to BLP definition [67, 68], for a divisible process, distinguishability of two initial quan-
tum states ρ1,2 diminishes continuously over time. Hence, a quantum evolution, mathematically de-
fined by a quantum dynamical map Et, is called Markovian when, for all pairs of initial quantum
states ρ1(0) and ρ2(0), trace distance D(ρ1(t), ρ2(t)) decreases monotonically at all instants. Hence,
quantum Markovian dynamics implies a continuous loss of information from the open system to the
environment. On the other hand, a non-Markovian evolution is defined as a process in which, for certain
time intervals,
σ(t, ρ1,2(0)) ≡ d
dt
D(ρ1(t), ρ2(t)) > 0, (13)
i.e., the information flows back into the system temporarily, originating from appearance of quantum
memory effects.
Following this, the measure of non-MarkovianityNBLP can be defined as [68]
NBLP (Et) = max
ρ1,2(0)
∫
σ>0
dtσ(t, ρ1,2(0)). (14)
where the maximization is performed over all the possible pairs of initial quantum states and the inte-
gration is calculated over all time intervals in which σ is positive. It has been proved that [69, 71], for
any non-Markovian quantum evolution of a single qubit, the maximum is achieved for a pair of pure
orthogonal initial states corresponding to antipodal points on the Bloch sphere surface. Nevertheless,
some challenges may be presented when one wishes to consider higher-dimensional systems of qubits
[72–74]. Moreover, although the non-Markovian evolution defined in this way are always nondivisible,
the converse is not necessarily true [75, 76].
2.2.2. Lorenzo, Plastina, Paternostro (LPP) measure
Another important proposed method to witness non-Markovianity was suggested by Lorenzo et al in
[77]. First, these authors expand ρ, quantum state of a N-level open system, in the basis {Gj}N2−1j=0 , in
which the identity G0 = I/
√
N and {Gj}N2−1j=1 are the Hermitian generators of SU(N) algebra [78],
ρ(t) = Et(ρ(0)) =
N2−1∑
α=0
Tr[ρ(t)Gα]Gα =
I
N
+
N2−1∑
α=1
Tr[ρ(t)Gα]Gα =
N2−1∑
α=0
rαGα, (15)
with ~r t = (1/
√
N,~r) t in which ~r = (r1, ..., rN2−1) t is called the generalized Bloch vector, and
where rα ≡ Tr[ρ(t)Gα]. Then, it can be proven that the action of the dynamical map can be considered
as an affine transformation of the initial state Bloch vector ~r0 [13],
ρ(t) = Et(ρ(0))←→ ~r = M(t)~r0 +~c(t) (16)
where [M(t)]ij = Tr[GiEt(Gj)] and [~c(t)]i = Tr[GiEt(I)]/N for i, j > 0. As discussed in [77], the
time-variation of |det[M(t)]| describes the change in volume of the set of states accessible through
the evolution of the reduced state. Because the Markovian evolution reduces (or leaves invariant)
the volume of accessible states, the following measure has been proposed [77] to quantify the non-
Markovianity of a quantum evolution,
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NLPP (Et) =
∫
∂t|det[M(t)]|>0
dt
d
dt
|det[M(t)]|. (17)
2.2.3. Chanda and Bhattacharya (CB) measure
Quantum coherence originating from the superposition principle plays a key role in quantummechanics
such that it is a significant resource in quantum information theory. For a quantum state with the density
matrix ρ, the l1-norm measure of quantum coherence [64] quantifying the coherence through the off
diagonal elements of the density matrix in the reference basis, is given by
Cl1 (ρ) =
∑
i,j
i6=j
|ρij |. (18)
In the basis {|i〉}i=1,...,d, all of the diagonal density matrices, i.e., ̺ =
d∑
i=1
ci|i〉〈i| are called inco-
herent states, while the states of the form |Ψd〉 = 1√
d
d∑
j=1
eiφj |j〉, 0 < φj < 2π, are recognized as
maximally coherent states.
For incoherent dynamics described by the incoherent operation Λt, a CPTP map which always
maps any incoherent state to another incoherent one, the authors of [79] proposed the following non-
Markovianity measure based on l1-norm measure of quantum coherence
dCl1 (ρ(t))
dt
NCB(Λt) = max
ρ(0)∈ℑc
∫
dCl1(ρ(t))
dt
>0
dCl1(ρ(t))
dt
dt, (19)
in which maximization should be performed over all the initial coherent states ρ(0) creating the set ℑc.
Because in the case of large systems (i.e., large d), the above maximization procedure may be complex
to compute, a nonoptimized version of the measure can be used in those cases,
N lCB(Λt) = max
ρ(0)∈{|Ψd〉〈Ψd|}
∫
dCl1(ρ(t))
dt
>0
dCl1(ρ(t))
dt
dt, (20)
Generally, the maximization over all possible initial states involved in quantifying non-Markovianity
is necessarily demanding. Nevertheless, starting with any chosen set of initial states, one can always
obtain lower bounds to the measure of non-Markovianity, and hence achieve a qualitative assessment
of the non-Markovian character of the evolution [80].
3. The Model
We consider a topological qubit realized by Majorana modes, generated at the endpoints of some
nanowire with strong spin-orbit interaction, driven by an external magnetic field B along the wire axis
direction, and placed on top of an s-wave superconductor (see Fig. 1). Each of the Majorana modes is
coupled to the metallic nanowire via a tunnel junction such that the tunneling strength is controllable
via an external gate voltage.
The total Hamiltonian is given by
H = HS +HE + V (21)
where Hs is the Hamiltonian of the topological qubit and V denotes the system-environment inter-
action Hamiltonian. Moreover, the environment Hamiltonian is represented by HE whose elementary
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Figure 1. Schematic diagram for the Majorana qubit coupled to the fermionic environment.
constituents can be thought of as electrons. The decoherence affecting the topological qubit may be
modelled as a fermionic Ohmic-like environment characterize by spectral density ρspec ∝ ωQ with
Q ≥ 0. The environment is called Ohmic for Q = 1, super-Ohmic for Q > 1 and sub-Ohmic for
Q < 1. This is realized by placing a metallic nanowire close to the Majorana endpoint. More specif-
ically the fermionic environment chosen in this paper is the helical Luttinger liquids realized as in-
teracting edge states of two-dimensional topological insulators [81]. Because these Majorana modes
used for the qubits are zero-energy modes, we have HS = 0. Besides, the interaction Hamiltonian V
is constructed by the electrons creation (annihilation) operators, and Majorana modes γ1 as well as γ2
having the properties:
γ†a = γa, {γa, γb} = 2δab, (22)
where a, b = 1, 2. The following representation can be chosen for γ1,2:
γ1 = σ1, γ2 = σ2, iγ1γ2 = σ3, (23)
in which σj’s denote the Pauli matrices. Before turning on the interaction V , the two Majorana modes
form a topological (non-local) qubit with states |0〉 and |1〉 according to the following relations:
1
2
(γ1 − iγ2)|0〉 = |1〉, 1
2
(γ1 + iγ2)|1〉 = |0〉. (24)
Suppose that ̺T , describing the state of the total system, is uncorrelated initially: ̺T (0) = ̺(0) ⊗
̺E , where ρS(0) and ρE denote the initial density matrices of the topological qubit and its environment,
respectively. Assuming that the initial state of the Majorana qubit is given by
̺(0) =
(
̺11(0) ̺12(0)
̺21(0) ̺22(0)
)
, (25)
we can find that the reduced density matrix at time t is obtained as follows (for details, see [82]):
̺(t) =
1
2
(
1 + (2̺11(0)− 1)α2(t) 2̺12(0)α(t)
2̺21(0)α(t) 1 + (2̺22(0)− 1)α2(t)
)
, (26)
where
α = e−2B
2|β|IQ , β ≡ −4π
Γ(Q+ 1)
(
1
Γ0
)Q+1 (27)
in which Γ0 represents the high-frequency cutoff for the linear spectrum of the edge state and Γ(z)
denotes the Gamma function. Moreover,
IQ =


2ΓQ−10 Γ(
Q−1
2 )
[
1− 1F1(Q−12 ; 12 ;− t
2Γ 2
0
4 )
]
forQ 6= 1,
1
2 t
2Γ 20 2F2
(
{1, 1}; {3/2, 2};− t2Γ 204
)
forQ = 1,
(28)
where pFq denotes the generalized hypergeometric function and Γ (z) represents the Gamma function.
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4. Non-Markovian dynamics of the one-qubit system
In this section, the non-Markovian evolution of the qubit described by density matrix (26) is investi-
gated.
Figure 2. Non-MarkovianityNBLP versus Q for different values of Γ0.
In order to compute non-Markovianity NBLP , one has to find a specific pair of optimal initial
states maximizing the time derivative of the trace distance. As pointed out in Sec. 2.2.1, for any non-
Markovian evolution of a qubit, the maximal backflow of information occurs for a pair of pure orthogo-
nal initial states corresponding to antipodal points on the surface of the Bloch sphere. Using numerical
simulation, we can show that for our model the optimal initial states are {|0〉, |1〉}. The trace distance
between these two states is D(ρ1(t), ρ2(t)) = α2(t), leading to NBLP =
∫
dt(
dα2(t)
dt
) where the
integration is performed over region
dα2(t)
dt
> 0. The results are illustrated in Fig. 2: as apparent from
the plot, there is a critical value of Q at which the non-Markovianity appears and an optimal value of
Q for which the backflow of information from the environment to the system is maximized. Moreover,
we see that an increase in cutoff Γ0 reduces the optimal value of Q at which NBLP is maximized and
it also decreases the critical value ofQ at which the non-Markovianity rises. The existence of a cutoff-
dependent critical value of the Ohmicity parameter, ruling the Markovian to non-Markovian transition,
is one of the main results of this paper. Nevertheless, it is found that there exists a threshold value
Qth = 2 such that whenQ < 2 the non-Markovianity completely vanishes, although increasing cutoff
Γ0. By changing the Q parameter, we go from sub-Ohmic reservoirs (Q < 1) to Ohmic (Q = 1) and
super-Ohmic (Q > 1) reservoirs, respectively. Therefore, when the fermionic environment is Ohmic or
sub-Ohmic the evolution of the Majorana qubit does not exhibit non-Markovian effects. On the other
hand, as seen from the figure, the dynamics can be strongly non-Markovian for small values of the
cutoff, while an increase in cutoff suppresses the non-Markovianity and memory effects.
Wee introduce parameter κ ≡ (K + 1
K
)/4, where K characterizes the Luttinger liquid, e.g.,
κ = 1/2 for Fermi liquid. A rough estimation of the Luttinger parameterK is given byK2 ∼ (1+ U
2ǫF
)
in which ǫF represents the Fermi energy and U ∼ e
2
ǫa0
, where ǫ and a0, respectively, are the dielectric
constant and the lattice length, denotes the characteristic Coulomb energy of the wire [83]. It is known
that the Coulomb interaction of the metallic wire can be tuned by choosing a different insulating sub-
strate or gating. Therefore, the value of κ may be tuned by varying the effective repulsive/attractive
short range interactions in the wire. Recalling that Q = 2κ − 1, we should note that parameter κ
characterizes the interaction strengths of the Luttinger/Fermi liquid. The larger κ, the stronger the
correlation/interaction exhibited by the Luttinger liquid nanowire. Combining these points with the
results obtained from Fig. 2, we find that the non-Markovianity vanishes when the environments are
so weakly (κ < 3/2) or very strongly correlated (κ → ∞). Moreover, although it has been assumed
that the coupling between the Majorana modes and the environment to be weak such that the Gaus-
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sian approximation holds well [82], the non-Markovianity, controllable by the cutoff, may occurs with
correlated environments.
(a) (b)
Figure 3. The BLP and LPP measures of non-Markovianity versus Q for (a) Γ0 = 0.01 and (b) Γ0 = 1.6.
Now we compare BLP and LPP measures in the process of detecting the non-Markovian dynam-
ics of the topological qubit. Using the approach introduced in Sec. 2.2.2, one can show that M(t) =
diag(α(t), α(t), α2(t)), leading to det[M(t)] = α4(t) and consequently NLPP =
∫
dt(
dα4(t)
dt
) in
which the integration should be performed over region
dα4(t)
dt
> 0. Plotting NLPP , we again obtain
exactly the similar results extracted from Fig. 2. Nevertheless, as shown in Fig. 3(a) , the LPP measure
is not as efficient as BLP measure in detecting the non-Markovianity when the cutoff is small. How-
ever, for larger values of the cutoff, the two measures qualitatively exhibit the same behaviour, i.e.,
approximately the LPP is as sensitivity as BLP measure to detect non-Markovianity (see Fig. 3(b)).
.
5. Quantum correlations and non-Markovian dynamics of the two-qubit system
In order to study the dynamics of quantum correlations for Majorana qubits, we need the expression
of the two-qubit density matrix. As known for the case that the subsystems interact independently with
their environments, the complete dynamics of the two-qubit system can be computed by knowing the
reduced density matrices of each qubit [84, 85] (see Appendix A). We focus our analysis on the initial
entangled state ρ0 = |ψ0〉〈ψ0| where
|ψ0〉 = cos(ϑ/2)|00〉+ sin(ϑ/2)|11〉. (29)
Therefore, the nonzero matrix elements of the evolved density matrix are given by
ρ1,1(t) =
1
4
α4 +
1
2
cos (ϑ)α2 +
1
4
, ρ2,2(t) = ρ3,3(t) = −1
4
α4 +
1
4
,
ρ4,4(t) = 1−
(
ρ1,1(t) + ρ2,2(t) + ρ3,3(t)
)
; ρ1,4(t) = ρ4,1(t) =
1
2
α2 sin (ϑ) . (30)
Computing (20) for the above dynamics leads to a lower bound on the degree of non-Markovianity
of the two-qubit evolution. Because Cl1 = α2(t)sinϑ, it is found that this lower bound (with ϑ =
π/2) and the BLP measure for the one-qubit dynamics coincide exactly. Now this phenomenon is
discussed using the quantum correlations between the two qubits and their efficiency in detecting the
non-Markovian behaviour of the composite system is investigated. According to our computed results,
the bipartite entanglement, as quantified by concurrence, is given by
C(ρ(t)) = 2max
(
0,
α2
2
sin (ϑ)−
∣∣α4 − 1∣∣
4
)
. (31)
Figure 4 shows that the entanglement may decrease abruptly and non-smoothly to zero in a finite
time due to the influence of quantum noise. This non-smooth finite-time decay is called entanglement
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(a) (b)
(c)
Figure 4. The time variation of the concurrence for (a), (b) different values of Ohmicity parameter Q in Markovian and non-
Markovian regimes. (c) The same quantity for different values of cutoff Γ0.
sudden death (ESD) which may occur in both Markovian and non-Markovian dynamics, as seen in
Fig. 4. In Markovian regime, if the ESD occurs the entanglement cannot be restored over time, while
in non-Markovian regime it is sometimes possible to recover the entanglement, however this recov-
ery is not guaranteed. In fact, in non-Markovian regime the ESD can occur only for small values of
Γ0. The ESD may exhibit robustness, even when the Q = Qopt at which the non-Markovianity is
maximized. However, increasing Q (Q > Qopt) can remove the sudden death and protect the entan-
glement over time in both markovian and non-Markovian dynamics (see Figs. 4(a) and 4(b)). This
revival phenomenon is induced by the memory effects of the reservoirs, which allows the two-qubit to
reappear their entanglement after a dark period of time, during which the concurrence is zero. Another
important feature illustrated in Fig. 4(c) is the high level of quantum control realized by imposing a
cutoff Γ0. The plot shows that increasing the cutoff, we can remove the entanglement ESD and also
protect the initial maximal entanglement over time. Moreover, we observe the suppressive role of the
cutoff on non-Markovian dynamics, leading to reduction of the oscillations amplitude in entanglement
dynamics.
The analytical expression for the QD associated with the density matrix, whose elements are given
in Eq. (30), is presented in Appendix B. The dynamics of the QD is similar to one observed for the
concurrence, except that the QD exhibits no sudden death (see Fig. 5). Another important characteristic
of this measure of quantum correlations in our model is that the time variation of the QD may be
stopped and the QD can remain approximately constant over time after a while, a phenomenon known
as freezing of QD. In particular, Fig. (5) clearly shows that increasing Γ0 or Q such that the non-
Markovianity is suppressed, we can approximately obtain the time-invariant discord. This phenomenon
also may occur for Q < 2 for which the dynamics is always Markovian provided that a large cutoff is
imposed. It is also interesting to compare the behaviour of different quantum correlation measures and
coherence. We find that for initial state (29), the TND and LQU, respectively, are given by
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(a) (b)
Figure 5. (a) The QD as a function of time for different values of cutoff Γ0. (b) The same quantity for different values of
Ohmicity parameter Q.
Figure 6. Comparing the dynamics of different quantum correlation measures with the coherence.
TND =
1
2
Cl1 =
1
2
α2(t)sinϑ, LQUϑ=pi
2
= 1−
√
1− α4. (32)
A more general expression for the LQU is presented in Appendix B. Figure 6 illustrates the dynamics
of quantum correlations, allowing us to compare them with the quantum coherence and hence analyze
their efficiency in detecting the non-Markovianity.We see that the quantum entanglement between the
qubits is not a reliable witness to detect the non-Markovianity because there exists some period of
time at which the quantum coherence increases while the entanglement has vanished. However, the
QD or discord-like measures including LQU, and TND exhibit qualitatively the same dynamics as
coherence. Therefore the revival of each of these quantum correlation measures can be attributed to the
memory effects of the reservoirs. Moreover, we can conclude that the coherence and quantum-discord
like measures all freeze under the same dynamical conditions, albeit this phenomenon occurs after a
while in the case of Markovian dynamics.
We also observe that under the dynamics considered here, discord-like measures are more robust
than entanglement, and hence they are immune to the sudden death. This important phenomenon points
to the fact that the absence of entanglement does not necessarily lead to the absence of quantum cor-
relations. In addition, it suggests that quantum computers based on the quantum correlations, different
from those based on entanglement, are more robust against the external perturbations and hence encour-
ages us to try to implement an efficient quantum computer. Moreover, it mentions why some quantum
algorithms can work well in the absence of entanglement. In fact, the QD must be larger than zero in
the implementation of those algorithms in the situations that the entanglement is missed or destroyed
by decoherence.
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An important question which might be asked is why the ESD experienced by the concurrence, is not
exhibited by the discord-like measures. This phenomenon can be interpreted by analyzing the behavior
of the coherence. As discussed by some researchers, the QD is equal to the quantum coherence in a
set of mutually unbiased bases for Bell-diagonal states [86]. Accordingly, the sudden birth and sudden
death of the QD can be regarded as sudden birth and sudden death of quantum coherence in an optimal
basis. In our work, because the quantum coherence exhibits no sudden birth or death, the QD also
shows the similar behavior. It should be noted that both the quantum coherence and QD are parts of
total correlation, i.e., quantum mutual information, and coherence is a more basic quantum resource
for quantum information tasks [86]. The difference between the QD and entanglement can also be
understood from a geometrical viewpoint: sudden death of entanglement happens when the evolving
density matrix crosses the boundary into the set of unentangled (separable) states, where it can remain
permanently, or for a finite period of time. However, the QD vanishes only on a lower-dimensional
manifold within the set of density matrices, and hence we would expect the QD to vanish completely
at most only at particular instants of time, when the evolving density matrix crosses this manifold.
More specifically, K. Modi et al., [87] proposed such geometrical interpretation of correlations which
considers the concurrence as the distance in Hilbert space between the quantum state of the system
and the nearest separable state and QD as the distance to the nearest classical pure state. From that
perspective one may say that for most of the states in the family the separable states are close, while at
the same time the classical pure states are far in Hilbert space.
6. Quantum magnetometry
(a) (b)
Figure 7. The time variation of the QFI associated with the magnetometry for different values of cutoff Γ0 in (a) Markovian
and (b) non-Markovian regimes.
The best possible precision of the parameter to be estimated is given by the Crame´r-Rao bound: Let
us suppose that one performsN independent measurements in order to achieve an unbiased estimator
ηˆ [88, 89] for parameter η (such that Tr[ρη ηˆ] = η). It can be shown that the variance of the estimator is
lower bounded by 〈(ηˆ − 〈ηˆ〉)2〉 ≥ 1
NFη
[90] where Fη denotes the quantum Fisher information (QFI)
[90–96], given by
Fη =
∑
i,j
2
ωi + ωj
|〈φi|∂ρη
∂η
|φj〉|2, (33)
for the mixed state with spectral decomposition ρη =
∑
i ωi|φi〉〈φi|.
We consider a scheme in which the two-qubit system, prepared initially in maximally entangled
state (29), is used to sense the intensity of the external magnetic field driving the topological qubits.
The QFI associated with the magnetometry is given by:
FB = 128
α2B2|β|2I2Q e−4B
2|β|IQ
1− α4 . (34)
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(a) (b)
Figure 8. The time variation of the QFI associated with the magnetometry for different values of Ohmicity parameter Q in (a)
Markovian and (b) non-Markovian regimes.
On one hand, the information about the intensity of the magnetic field, encoded into the quantum state
of the system, is able to flow into the environment. On the other hand, the system continously encodes
the information because of the interaction with the magnetic field. In Markovian regime, as illustrated
in Fig. 7(a), these two mechanisms compete with each other and in non-Markovian regime the quan-
tum memory is added to this competition (see Fig. 7(b) ). In both Markovian and non-Markovian
regimes, the QFI initially increases since the information is encoded into the quantum state because
of the interaction with the magnetic field. Then the decoherence effect dominates the dynamics of the
topological qubits leading to loss of encoded information, although in non-Markovian evolution the
quantum memory may stop this process and help the interaction mechanism to temporarily increase
the QFI. Moreover, the important role of the cutoff in controlling the dynamics and extracting the in-
formation from the Majorana system is clear from Fig. 7. It shows that in Markovian evolution, with
increasing cutoff Γ0, the QFI degradation can be frustrated. In fact, after a while, the QFI can remain
approximately constant over time, a phenomenon known as QFI trapping. Although freezing of the
QFI would be satisfactory and lets us protect the encoded information, the QFI may be suppressed by
imposing larger values of the cutoff. In non-Markovian regime the QFI tapping always appears after a
while and the QFI suppression also occurs when the cutoff increases.
Now we focus on effects of the Ohmicity parameter on the dynamics of the QFI. Figure 8(a) exhibits
an important and interesting consequence of an increase in parameterQ in Markovian regime (Q < 2),
leading to retardation of the QFI loss during the time evolution and therefore enhance the estimation of
the parameter at a later time. Moreover, when the Ohmicity parameter varies from 0 to 2, the optimal
value of estimation is not affected by this variation. Nevertheless, varying Q from 0 to 2, we see that
the QFI reaches its maximum value at a later time-point, and hence the instant at which the optimal
estimation occurs is achieved later. On the other hand, in non-Markovian regime we find that when the
Ohmicity parameter approaches the value Qopt at which the non-Markovianity is maximized, the QFI
can be frozen at its optimal value (compare Figs. 8(b) and 2). Overall, the best estimation is obtained
when Q ≈ Qopt and whenQ≫ Qopt, the QFI approaches zero.
7. Summary and conclusions
To summarize, we investigated the quantum correlations and non-Markovian dynamics of Majorana
qubits coupled to Ohmic-like fermionic environments and used for magnetometry. The fermionic envi-
ronment is the helical Luttinger liquids realized as interacting edge states of two-dimensional topolog-
ical insulators. The influence functional α, appeared in the evolved density matrix of the topological
qubit (see Eq. (26)), leads to imposition of a cutoff for the linear spectrum of the edge states, play-
ing an important role in the dynamic of the system. In fact, this influence functional is the exclusive
characteristic of topological qubits [82], in contrast with the one for non-topological qubits. Hence,
the introduced cutoff, which can be applied as a control parameter for non-Markovian evolution of
the system, results from the non-local nature of the topological qubits and the peculiar algebra of the
Majorana modes. We discovered the existence of a cutoff-dependent critical value of the Ohmicity
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parameter for the Markovian to non-Markovian crossover. It was illustrated that the memory effects
leading to information backflow and recoherence appear only if the reservoir spectrum is super-Ohmic
with Q > 2, however this critical value can be controlled by the cutoff. These results are consistent
with ones obtained in [24] in which the authors discussed the existence of a temperature-dependent
critical value of the Ohmicity parameter for the onset of non-Markovianity in local qubits experiencing
dephasing with an Ohmic class spectrum. However, our results are different from ones presented in
[82] in which the advent of non-Markovianity for super-Ohmic environment driving the topological
qubit, has been claimed for Q > 1 and the independence of presented results from the choice of the
cutoff has been emphasized.
We also investigated the ESD, disruptive to quantum information processing due to the fast disap-
pearance of entanglement. It was shown that the ESDmay occur in bothMarkovian and non-Markovian
dynamics. In Markovian regime, if the ESD occurs the entanglement cannot be restored over time.
However, in non-Markovian regime we observed the counterintuitive entanglement rebirth after its
sudden death or disappearance of the ESD by increasing the cutoff, demonstrating the high level of
quantum control realized by imposing the cutoff. The entanglement sudden death or rebirth have been
also implemented experimentally within linear optics set-up with photonic qubits [97, 98] and between
atomic ensembles [99]. In Ref. [100], it has been shown that the ESD in a bipartite system indepen-
dently coupled to two reservoirs is necessarily related to the entanglement sudden birth between the
environments. In fact, the loss of entanglement is related to the birth of entanglement between the
reservoirs and other partitions. The above study can easily be extended to investigate the entanglement
dynamics starting from different initial conditions and to take into account finite temperature effects.
We then showed that the various quantum correlations and quantum coherence may be approxi-
mately frozen for all time by imposing a large cutoff and hence the time-invariant quantum resources
may be realized with good approximation. The phenomenon of freezing of quantum discord has not re-
mained as a purely theoretical construct. It has been several experiments demonstrating these peculiar
effects with different physical systems such as optical experimental setup [101] and room temperature
nuclear magnetic resonance setup [102].
Finally, we investigated the effects of the cutoff and Ohmicity parameter on the dynamics of the
QFI. It was found that imposing large values of the cutoff is not satisfactory because of the QFI sup-
pression. On the other hand, for different values of Q, we illustrated that the QFI associated with the
magnetometry initially increases. In [103], it was proposed that a positive QFI flow at time t, i.e.,
dF
dt
> 0, implies that the QFI flows back into the system from the environment, generating a non-
Markovian dynamics. However, in our estimation, the positivity of
dFB
dt
does not necessarily detect
the non-Markovianity [104], because we have focused on estimating one of the environment param-
eters. In fact, when the probes interact with the environment, the information about the intensity of
the magnetic field is encoded into the quantum state of the probes, and hence the QFI increases. Ac-
cording to theory of quantum metrology, an increase in the QFI indicates that the optimal precision of
estimation is enhanced. However, simultaneously the interaction with the environment leads to flow of
encoded information from the system to the environment. When this decoherence effect overcome the
encoding process, its destructive influence appears and we see that the QFI monotonously decays with
time, resulting in the quantum magnetometry becomes more inaccurate.
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Appendix A. Density matrix elements for two Majorana qubits independently
interacting with the fermionic environments
In the standard basis {|00〉 ≡ |1〉, |01〉 ≡ |2〉, |10〉 ≡ |3〉, |11〉 ≡ |4〉}, using the approach introduced
in [84] and considering (25), we find that the diagonal and non-diagonal elements of the density matrix
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for the two-qubit system, respectively, are given by:
ρ1,1(t) =
1
4
(1 + α2(t))
2
ρ1,1(0) +
1
4
(1− α2(t))2ρ44(0) + 1
4
(1− α4(t))[ρ2,2(0) + ρ3,3(0)],
ρ2,2(t) =
1
4
(1 + α2(t))2ρ2,2(0) +
1
4
(1− α2(t))2ρ3,3(0) + 1
4
(1− α4(t))[ρ1,1(0) + ρ4,4(0)], (A1)
ρ3,3(t) =
1
4
(1 + α2(t))2ρ3,3(0) +
1
4
(1− α2(t))2ρ2,2(0) + 1
4
(1− α4(t))[ρ1,1(0) + ρ4,4(0)],
ρ4,4(t) =
1
4
(1 + α2(t))
2
ρ4,4(0) +
1
4
(1− α2(t))2ρ1,1(0) + 1
4
(1− α4(t))[ρ2,2(0) + ρ3,3(0)],
and
ρ1,2(t) =
1
2
α(t)(1 + α2(t))ρ1,2(0) +
1
2
α(t)(1− α2(t))ρ3,4(0),
ρ1,3(t) =
1
2
α(t)(1 + α2(t))ρ1,3(0) +
1
2
α(t)(1− α2(t))ρ2,4(0), (A2)
ρ2,4(t) =
1
2
α(t)(1 + α2(t))ρ2,4(0) +
1
2
α(t)(1− α2(t))ρ1,3(0),
ρ3,4(t) =
1
2
α(t)(1 + α2(t))ρ3,4(0) +
1
2
α(t)(1− α2(t))ρ1,2(0).
Moreover,
ρ1,4(t) = α
2(t)ρ1,4(0), ρ2,3(t) = α
2(t)ρ2,3(0). (A3)
Appendix B. Analytical expressions for QD and LQU
Computation of QD for general states is not an easy task, however for a two-qubit system withX-type
structure states, the analytical expression of QD is available [21]
QD(ρAB) = min (Q1, Q2) , (B1)
where
Qj = H (ρ11 + ρ33) +
4∑
i=1
λilog2λi +Dj , (j = 1, 2) ,
D1 = H

1 +
√
[1− 2 (ρ33 + ρ44)]2 + 4 (|ρ14|+ |ρ23|)2
2

 , (B2)
D2 = −
∑
i
ρiilog2ρii −H (ρ11 + ρ33) ,
H (x) = −xlog2x− (1− x) log2 (1− x) ,
in which the eigenvalues of the bipartite density matrix ρAB are given by
λ1,2 =
1
2
[
(ρ11 + ρ44)±
√
(ρ11 − ρ44)2 + 4|ρ14|2
]
,
λ3,4 =
1
2
[
(ρ22 + ρ33)±
√
(ρ22 − ρ33)2 + 4|ρ23|2
]
. (B3)
For ρ(t) whose elements are given in Eq. (30), the QD can be obtained as
QD = min(Q1, Q2), (B4)
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where
Q1 =
ln
(
α4 − 1)− α4 ln (1− α2)+ α2 ln (1− α4)+ α2 (α2 − 2) ln (α2 − 1)
2 ln (2)
, (B5)
and
Q2 =
ln
(
α4 − 1)− (α4 + 1) ln (α4 + 1)+ (α2 − 2)α2 ln (α2 − 1)+ (α2 + 2)α2 ln (α2 + 1)
2 ln (2)
.
(B6)
Moreover, considering the definition of LQU in Eq. (7), we should note that for a qubit-qudit system,
the quantification of non-classical correlations is not affected by the choice of the spectrumΛ, therefore
one can drop the Λ superscript. In addition, for qubit-qudit systems, it is possible to compute the LQU
via the following relation [59]:
LQUA = 1− λmax(WAB), (B7)
in which λmax(WAB) denotes the maximum eigenvalue of the 3 × 3 symmetric matrix W with ele-
ments given by:
(WAB)ij = Tr[
√
ρAB(σiA ⊗ IB)√ρAB(σjA ⊗ IB)], (B8)
in which the Pauli matrices are labelled by i, j. Using the above instruction, one can obtain the LQU
as follows:
LQU =
{
1−√1− α4 if 2 + α4 cos (2ϑ) ≤ α4 + 2√1− α4
α4sin2(ϑ) otherwise.
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